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The Lanczos potential Labc acts as a tensor potential for the spin-2 field strength Wabcd in an
role similar to that of the vector potential Aa for the Maxwell tensor Fab. After some general
considerations inspired by the example of electromagnetism, we consider the linear spin-2 theory
and a Born-Infeld type action in terms of Labc.
PACS numbers: 11.10.Lm, 04.20.-q, 04.50.+h
I. INTRODUCTION
The study of gravity, in the form of general relativity
has been based traditionally on the metric tensor gab, and
with good reason – one can intuitively see how distances
are altered by, for example, the passage of a gravitational
wave or the proximity of a massive object. There are
several other approaches that have been considered, such
as twistor theory and the null surface formalism [1], that
are based on other mathematical objects. Although these
are not widely used, they have provided insights into the
broader theory, and can make explicit certain relations
or results that are not as clear in the metric formulation.
With this in mind, we undertake the study of spin-
2 theories based on the Lanczos potential Labc [2]. This
tensor acts as potential for the spin-2 fieldWabcd, exactly
as the 1-form Aa does for the spin-1 field strength Fab. In
fact, we will see that there are similarities between the
two that will allow us to take results from electromag-
netism, and transfer them directly over to a correspond-
ing spin-2 result. It is this analogy that we intend to
study further, and develop the connections between elec-
tromagnetism, both the simplest and oldest of the gauge
theories, and general relativity, well-known for its high
degree of non-linearity and the difficulty in quantizing it.
Because the Lanczos potential for a Weyl candidate
tensorWabcd (any tensor which possesses the symmetries
of the Weyl tensor) is not widely known, we first give
a brief explanation of its properties in Section IA, and
relate it to the linearized metric perturbation in Section
IB. This decomposition of Wabcd in terms of Labc can
only be done in four space-time dimensions (with arbi-
trary signature); as far as is known, there is no compa-
rable result in higher dimensions [3]. However, in four
dimensions, we can write down the linearized spin-2 field
equations in terms of Labc, and obtain a correspondence
between these solutions and those in terms of a metric
perturbation hab.
Our eventual goal will be to have a Lanczos poten-
tial formulation that is equivalent to general relativity;
as a first step, this paper looks at fields acting on flat
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space-time. In particular, we examine the Hamiltonian
formulations of two actions – the linear action in Section
III, the other based on the Born-Infeld action in Sec-
tion IV. We also examine various gauge choices for the
various fields obtained in the 3+1 decomposition of the
tensor Labc.
A. The Lanczos potential
Based on work done by Lanczos [2]. and later updated
by others (e.g. [4, 5]), one can show that it is possible to
express a Weyl candidate tensorWabcd in terms of a rank-
3 tensor Labc, now called the Lanczos potential. Starting
with a generic Wabcd, we can write it in the form
Wabcd = Lab[c;d] + Lcd[a;b] −∗L∗ab[c;d] −∗L∗cd[a;b], (1)
where Labc is a potential chosen to have the symmetries
Labc = −Lbac L[abc] = 0, (2)
along with
L bab = 0, (3a)
L
;c
abc = 0. (3b)
Working in terms of spinors, Illge [6] showed that any
Weyl candidate spinor WABCD = W(ABCD) can be writ-
ten in terms of a potential LABCC′ , such that
WABCD = 2∇X
′
(ALBCD)X′ . (4)
This is the spinor form of the decomposition of the Weyl-
like tensor (1).The proof by Illge uses the spinor form of
the Lanczos potential, and thus holds only for a four-
dimensional Lorentzian spacetime; however, Bampi and
Caviglia [5] showed that this relation holds regardless of
the signature of the metric (although still in four dimen-
sions).
Condition (3a) is known in the literature as the Lanc-
zos algebraic gauge, while the condition (3b) is called the
Lanczos differential gauge. The term ’gauge’ comes from
the fact, proven by Bampi and Caviglia [5], that requiring
these latter two conditions on Labc was not strictly neces-
sary, and thus the trace and divergence of Labc could be
2fixed to be arbitrary tensors1. In this paper, we will as-
sume that the algebraic gauge holds (3a); since the Lanc-
zos decomposition (1) is invariant under transformations
Labc → Labc − 2
3
V[agb]c, (5)
there is no loss of generality in working with this gauge,
by choosing Va = L
b
ab . In fact, if we suppose only the
first three algebraic conditions (2) and (3a) hold – ne-
glecting the differential relation (3b) – then the tensor
Labc is equivalent to a spinor LABCC′ = L(ABC)C′ [8].
The differential gauge choice (3b) is not the most natural
to use, however, when working with the linear Hamilto-
nian; we explore this issue and look at other possibilities
in Section III B.
As can be seen, the tensor Labc acts like an abelian
connection for Wabcd; all of the usual non-linearity of
the Levi-Civita connection is swept under the rug, so
that there is no simple relationship between Labc and
Γabc. One way to see how to quantify this relation is the
following [9], where we will use spinor notation. Suppose
we consider a torsion-free metric connection ∇AA′ ; we
can define a new connection ∇ˆAA′ by introducing a spinor
ΓABCC′ = Γ(AB)CC′ such that
∇ˆAA′ξB = ∇AA′ξB − 2ΓXBAA′ξX . (6)
The new connection ∇ˆAA′ is still metric, but no longer
torsion-free; the Weyl tensor ΨˆABCD of this connection
will be takes the form
ΨˆABCD = ΨABCD − 2∇ X
′
(A ΓBCD)X′ − 4Γ X
′
X(ABΓ
X
CD)X′ .
If we set ΨˆABCD = 0, then, using the spinor decom-
position (4) of ΨABCD in terms of the Lanczos spinor
LABCC′, we have
∇X′(ALBCD)X′ = ∇X
′
(AΓBCD)X′+2Γ
X′
X(ABΓ
X
CD)X′ . (7)
We have a non-linear relation between the Lanczos po-
tential and the torsion necessary to insure a space-time
has a vanishing Weyl tensor. Obviously, it is much easier
if we are given the spinor ΓABCC′ to solve for the match-
ing spinor LABCC′ . However, it can be shown [9] that
a particular choice of LABCC′ = Γ(ABC)C′ will work for
Kerr-Schild space-times.
B. Comparing linear spin-2 fields
Since we will be working with the Lanczos potential
Labc as a potential for a spin-2 field, we next consider it
1 There is also geometric reason to refer to these as gauge choices;
see Hammon and Norris [7].
relative to the more usual form of the linearized equations
of motion based on a symmetric tensor hab. For our
comparison, we start with the action as a function of
Labc,
Llin = 1
16
W abcdWabcd, (8)
on a flat background, i.e. using the form (1) of Wabcd
in terms of the tensor Labc, but using partial derivatives
instead of covariant derivatives, and we raise and lower
indices with the flat metric ηab. Varying with respect to
the potential gives
C
,d
abcd = 0 ⇒ L ,dabc,d = 0, (9)
where we have used the differential gauge (3b) to get the
second equation2.
On the other hand, we can consider the spacetime met-
ric to be of the form gab = ηab + hab and take the linear
order terms of the Einstein equations Rab = 0. If we do
so, then the spin-2 field equations are given by
h
,c
ab,c = 0, (10)
using the gauge condition h ,bab =
1
2h,a where h = η
abhab.
The question now is how to relate these two equations of
motion (9) and (10) for Labc and hab, respectively.
In fact, we can do this by writing Labc in terms of a
rank-2 tensor Kab, much as we did originally by express-
ing Wabcd as a sum of derivatives of Labc. The relevant
result in this case is the following [10]. Suppose we have
a tensor with the symmetries of the Lanczos potential;
then, on a Ricci-flat spacetime with Lorentz signature
metric gab, we can locally find a traceless, symmetric ten-
sor Kab, such that
3
Labc = −∇[aKb]c +
1
3
gc[a∇dKb]d. (11)
In the specific case we are considering on a flat spacetime,
by writing
Kab =
1
2
hab − 1
8
ηabh,
then our general form (11) for Labc becomes
4
Labc =
1
2
(
hc[a,b] −
1
6
ηc[ah,b]
)
. (12)
2 On generic four-dimensional manifolds of any signature, the
equation ∇aCabcd = 0 give rise to the equation ∇
d∇dLabc = 0
by the use of an algebraic identity between Labc and Cabcd [4].
3 We assume here that we can choose a real, instead of complex,
tensor Kab. This can be done for several spacetimes of interest
that are not necessarily Ricci-flat; for discussion and references,
see Andersson and Edgar [10].
4 As an aside, we note that this relation illuminates the discussion
in Section 5.7 of Penrose and Rindler [11], and especially the
origin of equations such as (5.7.12) in that work.
3Using this last relation, we can now see the correspon-
dence between solutions Labc of the equations of motion
(9), and solutions hab of the usual spin-2 equations (10),
up to gauge transformations of hab. To show that hab
gives rise to a solution Labc, we can simply use the re-
lation (12) to form the linearized Lanczos potential. To
go in the opposite direction, suppose that hab and h
′
ab
are two metric perturbations that give the same Lanczos
potential Labc. Then, ∆hab ≡ h′ab − hab gives a Lanc-
zos potential of zero, and satisfies the linearized Einstein
equations Rab(∆hcd) = 0. Because of this, the Riemann
tensor constructed from ∆hab is identically zero; hence,
∆hab corresponds to a constant multiple of a flat met-
ric to linear order, which can be absorbed by a gauge
transformation.
II. GENERAL CONSIDERATIONS
We have seen that (at least at the level of linearized
equations) we can relate the metric and Lanczos poten-
tial formalisms, mapping solutions of one type over to the
other. The question is how to go beyond this to higher
orders. One method would be to continue on a pertur-
bative path, adding a second order term to the relation
(11) given previously for Kab, i.e.
K
(2)
ab = α1hach
c
b + α2hhab +O(h
3). (13)
Then we could continue along using a bootstrap method,
order by order, with the action (8) and try to match
the Einstein form of general relativity. There has also
been other methods for using Labc as a spin-2 field, using
a variety of action principles to obtain field equations
(see [12, 13] for some examples and further references).
However, in this paper, we will take a different ap-
proach by emphasizing the analogy to electromagnetism.
Since the field strength Wabcd of the Lanczos potential
has the same symmetries as the Weyl tensor, it can de-
scribed in terms of their electric and magnetic compo-
nents Eab and Bab, respectively, given as
Eac =Wabcdt
btd Bac =
∗Wabcdt
btd, (14)
where ta is a unit time-like vector. So we can transfer over
theoretical frameworks from electromagnetism into the
study of spin-2 fields, when written in terms of Labc. In
the following, we will use this intuition to obtain several
results about Lanczos potential actions.
A. Equations of motion
We begin by looking at the equations of motion for
a general Lanczos potential action; with a Lagrangian
L = L(Wabcd), we define
Gabcd = −8 δL
δWabcd
. (15)
Using the decomposition (1) of Wabcd in terms of Labc,
we can show that the equations of motion in this case are
∇aGabcd = 0. (16)
Note that, unlike the case of electromagnetism, there
is no separate Bianchi identity; the divergence of the
Weyl tensor comes directly from the Bianchi identity
∇[aRbc]de = 0, and is given by
∇aCabcd = ∇[cRd]b −
1
6
gb[c∇d]R. (17)
Next, we write down the 3+1 decomposition of the
equations of motion on a flat background, splitting
four-dimensional spacetime into its space and time por-
tions and replacing covariant derivatives ∇a with partial
derivatives. We also split the four-dimensional metric
into gab = qab − tatb, with ta a constant timelike vector
(tata = −1) and qab the spatial metric. Since the equa-
tions feature Wabcd only as it appears in Gabcd, we use
the fields
Dac = Gabcdt
btd Hac =
∗Gabcdt
btd, (18)
Then, the field equations (16) become
∂Hab
∂t
+ ǫij(a∂iD
b)
j = 0 ∇aHab = 0, (19)
and
∂Dab
∂t
− ǫij(a∂iH b)j = 0. ∇aDab = 0 (20)
For electromagnetism, the equations (19) are a geometric
restriction on the fields from the Bianchi identity for Fab;
here, they are field equations, and thus are satisfied only
on-shell.
One way to obtain solutions for the fields Dab and Hab
is by linearizing the Weyl tensor Cabcd. Suppose we start
with a metric gab whose Weyl tensor has zero divergence
(i.e. a C-space), its Levi-Civita connection ∇a and its
Weyl tensor Cabcd, and linearize the metric around the
flat metric ηab; expanding in terms of a parameter ǫ, we
have
∇a = ∂a + ǫ∇(1)a +O(ǫ2),
Cabcd = ǫ C
(1)
abcd +O(ǫ
2).
(21)
There is no Weyl tensor for the flat metric ηab; the poten-
tial L
(0)
abc is pure gauge. Therefore, to order ǫ, the Bianchi
identity (17) for the linearized Weyl tensor is exactly the
same as the equations of motion for the Lanczos potential
(16). Specifically,
0 = ∇aCabcd = ǫ∂aC(1)abcd +O(ǫ2). (22)
From this correspondence, we can find solutions to our
equations of motion, based on linearization of the Weyl
tensor.
4Of course, once we have a solution for Dab and Hab
(and hence Eab and Bab, based on the particular action
L we are using), we need to find how other matter is af-
fected by this. Just as electromagnetism has its Lorentz
force law, we conjecture that test particles would have
trajectories given by a something similar to the geodesic
deviation equation. We suppose there are test particles
to be traveling along a family of trajectories, with each
particle having a tangent vector ua to its path, and a vec-
tor na which gives the separation between the particles.
Then the interaction between the particles and the field
strength Wabcd is assumed to be
d2na
dσ2
+W abcdu
bncud = 0, (23)
where σ is the parameter along the geodesics. However,
this only seems applicable to point particles, where we
can think in terms of geodesics.
For a more general relation between Labc and generic
matter fields, we can introduce a coupling to a matter
current of the form
Lint = Labc Jabc, (24)
where Jabc is the matter current. We can relate this
to a symmetric tensor T ab, just as we could write the
potential Labc in terms of a tensor Kab, by again using
(11). Choosing
Kab = T ab − 1
4
ηabT,
with T the trace of T ab, we have that
Jabc = T c[a,b] − 1
3
ηc[aT ,b], (25)
and the equations of motion become
Cabcd,d = J
abc = T c[a,b] − 1
3
ηc[aT ,b]. (26)
We compare this to the divergence of the Weyl tensor
(17); using the Einstein equations Rab − 12gabR = Tab,
where Tab is the usual energy-momentum tensor for mat-
ter, leads to the identification of the tensor T ab as the
energy-momentum tensor. The fact that the divergence
of T ab is zero comes from the trace-free nature of the
left-hand side of (26).
B. Duality invariance
In electromagnetism, only the linear Maxwell equa-
tions are invariant under the duality transformation
Ea → Ba, Ba → −Ea. For more general actions, other
types of duality have to be considered. One possibility is
to have rotations between Ea, Ba and Da, Ha, namely,
Ea + iHa → eiθ(Ea + iHa),
Da + iBa → eiθ(Da + iBa),
(27)
rotating through a given angle θ. We will do something
comparable, following the procedure used by Gibbons
and Rasheed [14] for electromagnetism, and consider in-
finitesimal transformations of the form
δFabcd =
∗Gabcd,
δGabcd =
∗Fabcd,
(28)
Substituting in our defining relation (15) for Gabcd, these
infinitesimal transformations (28) give
1
2
ǫabefW
efcd =
1
2
ǫijrsG
rs
kl
∂
∂Wijkl
(
−8 ∂L
∂Wabcd
)
.
Using the commutativity of the derivatives, and substi-
tuting the definition of Gabcd into this equation, we get
1
2
ǫabefW
efcd = 32ǫijrsgkmgln
∂L
∂Wrsmn
∂
∂Wabcd
(
∂L
∂Wijkl
)
.
Because of the pair symmetry ǫijkl = ǫklij , we can re-
write this as
1
2
ǫabefW
efcd = 16ǫijrsgkmgln
∂
∂Wabcd
(
∂L
∂Wrsmn
∂L
∂Wijkl
.
)
If we integrate this equation with respect to Wabcd, we
get the following relation
1
2
ǫabefW
efcdWabcd = 32ǫijrsgkmgln
(
∂L
∂Wrsmn
∂L
∂Wijkl
)
.
Notice that we have set the integration constant equal to
zero, to ensure that our weak-field Lagrangian (8) satis-
fies the equation. Finally, substituting into this equation,
using the definition of Gabcd, we find that
W abcdW ∗abcd = G
abcdG∗abcd, (29)
i.e. EabBab = D
abHab. We can see that this relation is
obeyed by our Maxwell-type action for Wabcd (8), since
Dab = Eab and Hab = Bab.
Not only is there the possibility of duality between the
electric and magnetic fields, but also a Hodge duality
involving the potential Labc itself. Suppose we define a
tensor Gabc such that Mabc =
∗Labc. Notice that Mabc
has exactly the same symmetries as Habc, since
L[abc] = 0⇔M bab = 0 (30)
and vice versa. This establishes a duality between the
electric and magnetic fields of the two potentials Labc
and Mabc, since
EMab = B
L
ab B
M
ab = −ELab, (31)
where the superscript refers to the potential used in the
definition of each field. If we let
(Labc + iMabc)→ eiα(Labc + iMabc), (32)
5this introduces a corresponding transformation of the
electric and magnetic fields (Eab + iBab) → eiα(Eab +
iBab). However, only the linear spin-2 equations are in-
variant under this transformation; for the more general
case, we would want to consider transformations similar
to the duality of the electromagnetic fields (27), except
in terms of the potentials. Since Gabcd has the same sym-
metries as the Weyl tensor, it has its own Lanczos-type
potential, which we will call Pabc
5. Then transformations
of the form
(Labc + i
∗Pabc)→ eiα(Labc + i∗Pabc),
(Mabc + iPabc)→ eiα(Mabc + iPabc),
(33)
will lead to duality relations, analogous to those in (27),
between the fields Eab and Hab, and between Bab and
Dab.
III. LINEAR SPIN-2 ACTION
As we saw in Section IB, we can relate the equations
of motion for linear perturbations hab and Labc; in this
section, we look at the Hamiltonian formulation of the
same action. Again we take the case of a flat space-
time with a constant time vector ta; we save for a future
paper the case of more general background space-times,
and the question of what constraints may exist for these
backgrounds to ensure consistency.
A. Hamiltonian formalism
Here again, we split the metric gab into its spatial part
qab and time-like vector t
a; after this is done, we define
the potentials
φab = L
c(ij)tcqaiqbj , (34a)
Aabc = L
ijk(qaiqbjqck − qi[aqb]cqjk), (34b)
and
χab = L
c[ij]tcqaiqbj Va = L
ijktiqajtk. (35)
We can show that Aabc retains the symmetries of Habc,
namely
Aabc = A[ab]c A[abc] = 0 (36)
In addition, the algebraic gauge condition (3a) for the
tensor Labc makes φab and Aabc trace-free:
φabq
ab = Aabcq
bc = 0. (37)
As will be seen, the Lanczos potential is made up of two
spin-2 fields, φab and Aabc, and two gauge fields Va and
5 In other words, EP
ab
= Dab and B
P
ab
= Hab.
χab with three degrees of freedom each. After making the
appropriate gauge choice, only one of these will remain a
dynamical field; we will return to this subject in Section
III B.
The electric and magnetic parts of the field strength
Wabcd are given in terms of the potentials (34) and (35)
by
Eab = −φ˙ab + 3
2
∂(aVb) −
1
2
qab∂
cVc − ∂cAc(ab), (38a)
Bab = ǫij(aS
ij
b), (38b)
where we have defined ǫabc = ǫabcdt
d and
S
ij
b =
1
2
A˙
ij
b + ∂bχ
ij + ∂[iφ
j]
b + ∂
[iχ
j]
b
+
1
2
∂aφ [ia q
j]
b +
3
2
∂aχ [ia q
j]
b.
(39)
Because Eab and Bab are contractions of Wabcd with two
time vectors ta (instead of the single vector used with
electromagnetism), both Eab and Bab contain the time
derivative of a potential.
We start with the linear spin-2 action (8), written in
terms of the electric and magnetic fields as
Llin = 1
2
(EabEab −BabBab). (40)
If we use the more appropriate tensor Sabc, then from
the definition of the magnetic field Bab in terms of Sabc,
given in (38b),
Llin = 1
2
EabEab − SabcSabc. (41)
Since
Llin
δEab
= −Llin
δφ˙ab
Llin
δSabc
=
1
2
Llin
δA˙abc
, (42)
we have that the momenta for this action are
πab = −Eab πabc = −Sabc. (43)
From this, the linear spin-2 Hamiltonian is
Hlin = 1
2
πabπab − πabcπabc − πab∂kAkab
− 2πabc∂aφbc − 3πabc∂cχab + 3
2
πab∂aVb.
(44)
The time derivatives of both Va and χab are absent from
the Hamiltonian, so we have that
δHlin
δχab
= 3∂cπ
abc = 0, (45a)
δHlin
δVa
= −3
2
∂bπ
ab = 0. (45b)
This gives use two constraints,
Cab = ∂cπ
abc Ca = ∂bπ
ab. (46)
6By using the form of the Hamiltonian (44), we can show
that these commute with Hlin and each other.
For the time derivatives of our fields φab and Aabc, the
equations of motion are
φ˙ab = πab +
3
2
∂(aV b) − 1
2
qab∂cV
c − ∂cAc(ab), (47a)
A˙abc = −2πabc − 2∂cχab + 2∂[aχb]c − 2∂[aφb]c
− (∂dφd[a)qb]c − 3(∂dχd[a)qb]c.
(47b)
Note that, in writing these equations, we have added
terms that preserve the symmetries of φab and Aabc. Fi-
nally, we have that
π˙ab = −2∂cπc(ab), (48a)
π˙abc = −∂[aπb]c. (48b)
By combining these equations together, we expect to get
a wave equation for the dynamical field; this requires
choosing a proper set of gauge conditions, which we con-
sider next.
B. Gauge conditions
When we plug in the expressions (47a) and (47b) for
πab and πabc, respectively, in terms of the various fields
into the equations of motion (48a) and (48b), we find
that
0 = (φ¨ab − ∂c∂cφab)− 3
2
∂(aT b) +
1
2
qab∂cT
c, (49a)
0 = (A¨ab − ∂d∂dAabc) + 2∂cT ab
− 2∂[aT b]c + 3(∂dT d[a)qb]c,
(49b)
where
T a = V˙ a − ∂bχab − ∂bφab, (50a)
T ab = χ˙ab +
1
2
∂[aV b] +
1
2
∂cA
abc. (50b)
Doing the same for the constraint relations give condi-
tions on the mixed derivatives ∂bφ˙
ab and ∂cA˙
abc, given
by
∂bφ˙
ab =
3
4
∂c∂
cV a +
1
4
∂a∂cVc +
1
2
∂i∂jA
aij , (51a)
∂cA˙
abc = −2∂c∂cχab − ∂c∂[aχb]c − ∂c∂[aφb]c. (51b)
At this stage, we have the possibility of wave equations
for both φab and Aabc; since we want to limit this to only
one dynamical spin-2 field, we must make the appropriate
gauge choice. As mentioned in Section IA, we are free to
choose the Lanczos differential gauge (3b); if we break it
into its 3+1 components, we find that
taqbkL
,c
abc = 0⇒ V˙ k = ∂i(φik + χik), (52a)
qajqbkL
,c
abc = 0⇒ χ˙jk = −
1
2
∂[jV k] − 1
2
∂iA
jki. (52b)
Thus, taking this differential gauge in its entirety will give
T a = T ab = 0, but will leave us still with two dynamical
fields.
We have written the decomposition of the Lanczos dif-
ferential gauge above in a manner to suggest our eventual
solution. If we take only half the gauge condition, then
we get a wave equation for one of the fields. After this is
done, we can choose an additional gauge condition to re-
duce the degrees of freedom to one massless spin-2 field.
We have already mentioned that the field tensor Wabcd is
invariant under transformations by a vector Va, given by
(5). However, on any conformally flat space-time, Wabcd
is also invariant under the transformation [12]
Labc → Labc + Fab;c − Fc[a;b], (53)
where Fab is an anti-symmetric tensor. By using this
additional gauge freedom, we can make an appropriate
choice of gauge.
In addition, because we are dealing with the linear
spin-2 field, we have the additional symmetry (32) be-
tween the potential Labc and its Hodge dual Mabc =
∗Labc. Thus, for whatever gauge choice we make, when
φLab is the only dynamical field for the potential Labc, then
AMabc will be the same for the potential Mabc. This can
already be seen in the Lanczos differential gauge, since
qajqbkL
,c
abc = 0⇔ T ab = 0,
while
qajqbkM
,c
abc = q
ajqbk ∗L
,c
abc = 0⇔ T a = 0.
We will see that the gauge condition6
∗La(bc),a = 0 (54)
will give the Hamiltonian formulation in terms of the field
φab; the dual condition
La(bc),a = 0 (55)
will do the same in terms of Aabc.
If we choose the gauge condition ∗L
a(bc)
,a = 0, this is
equivalent to the relations
∂[aχbc] = 0, (56a)
A˙abc = 2∂[aφb]c + 2∂[aχb]c
+ ∂kφ
k
[a qb]c + ∂kχ
k
[a qb]c,
(56b)
χ˙ab =
1
2
∂cA
abc − 3
2
∂[aV b], (56c)
6 This condition is used by Novello and Neves [13] to isolate one
of the two spin-2 fields as dynamical. They consider this as a
necessary and sufficient condition which does not allow for the
dual choice, so that what we call φab is their only dynamical
field.
7In the last relation (56c), we have used the identity
∂[aAbc]d = (∂kA
k
[ab )qc]d. (57)
We have also taken advantage of the relation
∂d∂
[aAbc]d = 0, which results from the gauge equations
(56a) and (56c). When this gauge is chosen, the field
equation (48b) for π˙ab becomes a constraint on the mixed
derivative of Ac(ab),
∂cA˙
c(ab) =
3
2
∂c∂
(aχb)c + ∂c∂
cφab − 5
2
∂c∂
(aφb)c. (58)
This, along with the previous condition (51b) on
∂cA
abc = −2∂cAc[ab] completely specifies the divergence
of A˙abc.
On the other hand, choosing the condition L
a(bc)
,a = 0
gives the equations
∂aVa = 0, (59a)
φ˙ab = ∂cA
c(ab) +
1
2
∂(aV b), (59b)
V˙ a = ∂b(3χ
ab − φab). (59c)
This choice reduces the equation of motion (48a) for π˙abc
to a constraint on φab given by
∂[aφ˙b]c =
5
2
∂[a∂dA
b]cd +
3
4
∂c∂[aV b]
+ (∂i∂jA
[a
ij)q
b]c − 1
2
(∂i∂jV [a)qb]c,
(60)
where we have used the fact that the gauge equations
(59a) and (59c) imply that ∂c∂dφ
cd = 0. Together with
the constraint (51a), we have conditions on both the curl
and the divergence of the time derivative φ˙ab.
IV. ANALOGUE OF THE BORN-INFELD
ACTION
Now that we have examined the linear spin-2 theory
in terms of the Lanczos potential, the question is how
to proceed to higher order. Since there are only two
cubic invariants for Weyl-like tensors, one could study
an action of the form
L = 1
16
W abcdWabcd + α1WabcdW
abrsW cdrs
+ α ∗2 WabcdW
abrsW cdrs +O(W
4),
with two coefficients αi to be determined. Then, one can
look at the 3+1 decomposition, and see if there is a choice
of coefficients that will give equations for φab that match
those of the Einstein equations to the same order. Yet
this would require the same effort at every perturbation
order, without a guiding principle to fix the coefficients.
To develop the non-linear theory in a more systematic
way, we continue our analogy with spin-1 Maxwell theory,
and its variations. One of the more well-known general-
izations of the standard action for electromagnetism is
that of Born and Infeld,
S =
∫ √
g
√
1 +
1
2
F abFab − 1
16
(
F abF ∗ab
)2
, (61)
which can be written in a simpler form as
S =
∫ √
det(gab + Fab). (62)
This action has been re-examined a great deal recently,
due to its connections with string theory (see, e.g., [15]).
In addition, there has also been research which studies
whether a gravitational version of Born-Infeld theory can
be developed [16]. Thus, it is a natural step to look at
the Lanczos potential version of the Born-Infeld action
as a choice for a non-linear spin-2 theory.
Unlike the field strength Wabcd, both the metric gab
and the Maxwell tensor Fab can be taken as matrices,
and we can find their determinant. However, Wabcd is a
bivector, and so we can treat it as a matrix of matrices.
Then, if we trace over the ”internal” matrices (the first
pair of indices), and take the determinant of the second
pair of indices, we can arrive at an expression similar to
the Born-Infeld action (61). So, defining
∆ = − g
4!
ǫabcdǫijklM
p
qaiM
q
rbjM
r
sckM
s
pdl, (63)
where g is the determinant of the metric gab, and
Mabcd = δ
a
b gcd +W
a
bcd, (64)
we take as our spin-2 action LBI = 12∆1/2. Computing
this in terms of the tensor W abcd, we find that the action
is of the form
LBI = √g
√
1 +
1
8
W abcdWabcd − 1
256
(
W abcdW ∗abcd
)2
.
Written in terms of the fields Eab and Bab, this is
LBI = √g
√
1 + (EabEab −BabBab)− (EabBab)2. (65)
Thus, our equations of motion are given by the Maxwell-
type equations (19) and (20), where the fields Dab and
Hab are are now
Dab =
−Eab +Bab(EabBab)√
1 + EabEab −BabBab − (EabBab)2
, (66a)
Hab =
−Bab − Eab(EabBab)√
1 + EabEab −BabBab − (EabBab)2
. (66b)
The difference in signs between those in Lagrangian LBI
come from the definition of Dab and Hab in terms of
Gabcd, from (15) and (18). These fields are related to
the momenta of φab and Aabc by
πab = Dab πabc =
1
2
ǫab iH
ic. (67)
8If we write the duality relation (29) in terms of the
momenta, we find that
ǫ aij πabπ
ijb = EabBab; (68)
from this, the Hamiltonian can be written as
HBI = −
√
1 + 2πabcπabc − πabπab − (ǫ aij πabπijb)2
− πab∂kAkab − 2πabc∂aφbc − 3πabc∂cχab
+
3
2
πab∂aVb.
(69)
This Hamiltonian has two differences with the one seen in
non-linear electromagnetism. First, the expression under
the square root does not appear to be positive definite,
which may limit its utility. Requiring that the expression
under the square root is non-negative may restrict the so-
lutions of the field equations. Second, because the fields
φab and Aabc appear exactly as they did in the linear ac-
tion, the equations of motion and the constraints are the
same as before. The only difference is that the momenta
πab and πabc are defined in (67); obviously these reduce
to those of the linear case when considering weak fields.
As a final note, we comment on the ease of adding in
an electromagnetic field into our non-linear action; by
defining
M˜abcd = δ
a
b (gcd + Fcd) +W
a
bcd, (70)
and substituting this into our relation (63) for ∆, we
obtain an action which includes interaction terms be-
tween the electromagnetic and Lanczos field strengths.
For other types of matter, one would have to add in an
interaction term as discussed previously.
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